Equilibrium Effects of Liquidity Constraints

Havva Ozlem Dursun
Vienna Graduate School of Finance

December 2011

Abstract

This paper analyzes the relationship between collateralized short-term debt and asset prices.
Banks increasingly used short-term debt during the lending boom before the last financial crisis
(Shin [2009]). This caused distortions in the asset price and triggered the excessive asset growth
in the market. The increase in the short-term borrowing also raised the interconnectedness
of the financial institutions and led to systemic risk. In order to achieve a stable financial
system, the amount of short-term debt may need regulation. In this paper, I explore the
welfare effects of a regulatory quantity limit on short-term debt. The results show that a
quantity restriction on short-term borrowing is welfare improving during the expansion when
the investors are optimistic. However, it is welfare decreasing during the recession when the
investors are pessimistic. Therefore, the regulatory limit on short-term borrowing should be

counter-cyclical: lower during expansions and higher during recessions.
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1 Introduction

The fragility of bank liabilities was at the core of the last financial crisis. The excessive asset
growth led to an extreme increase in the short-term funding compared to the retail deposits on
the liability side of the banks’ balance sheets. This makes banks more vulnerable to the liquidity
of the capital market. A sudden freeze in the short-term funding market caused fire-sales of the
assets and the bankruptcy of big banks and other financial institutions (Diamond and Rajan
[2009]). The bankruptcies amplified the effects and led to one of the biggest financial crises.

In the post-crisis period, the new regulation Basel III is under construction to satisfy the
needs of the financial system. The last financial crisis was a good indicator of the necessity for a
macro-prudential regulation focusing not only on the solvency of individual financial institutions
but also the resilience of the financial system. However, Basel III does not seem to satisfy this
necessity under its current form. It concentrates on the increase of bank capital as a caution
for losses, which is a solution for the solvency of an individual financial institution, but it is not
adequate to support systemic stability.

Basel III, focusing on the amount of bank capital, takes too little account of the funding
structure of banks. During booms, banks take on excessive short-term debt to finance excessive
asset growth. Brunnermeier and Oehmke [2010] show that creditors have an incentive to shorten
their loan maturity to be able to get their money back before the others in bad times. This
contributes to the growth of the asset and they borrow more. The increase in short-term
borrowing has two effects in the market. First, it causes a distortion in the asset price and
exaggerates the increase in asset growth (Jeanne and Korinek [2010],Bengui [2010]). Second,
it increases the interconnectedness of the financial institutions which leads to the systemic risk
(Acharya and Viswanathan [2011],Acharya et al. [2010]). Thus, the liability side of the bank
balance sheet needs to be regulated to achieve the goal of a stable financial system.

In this paper, I concentrate on the relationship between short-term debt accumulation and
asset prices and how this relationship amplifies asset growth in the market during credit booms.
The vast majority of short-term debt held by banks before the crisis was secured debt (e.g. asset
backed commercial papers, overnight secured repos). During 2002 — 2007, the overnight credit
(repo) grew to a volume over ten trillion dollars(Gorton [2009]). Accordingly, I concentrate on
short-term debt collateralized by an asset. So this paper is also related to the literature on how
collateral debt amplifies the effects of credit cycles in the economy (Kiyotaki and Moore).

The modeling framework builds on the general equilibrium model of Geanakoplos [2009]



with heterogeneous agents holding different beliefs about the future. Optimistic investors bor-
row using the asset as collateral and buy the asset, whereas pessimistic investors lend to the
optimistic ones and sell the asset. If there is no limit on borrowing of the optimistic investor,
they borrow at the maximum level and go bankrupt when a bad state occurs. This decreases
the optimism in the market since optimistic investors are wiped out. This leads to a sharp
decline in the price of the asset and the borrowing capacity of borrowers decreases and this
amplifies the effect of bankruptcies of optimistic investors. Now apply a quantity limit on the
borrowing capacity. When a bad state occurs, optimistic investors do not go bankrupt and this
does not lead to a sharp decline in the optimism of the market. This mitigates the effects of
the credit cycle. Thus, a quantity limit on borrowing capacity of investors increases the welfare
of the economy during the normal times and credit booms. During busts, when the investors
are so pessimistic about the future, any regulatory limit is welfare decreasing.

In the literature, there are papers on the advantages of short-term debt arguing that it can
be used as a disciplining mechanism that gives correct incentives to the manager so it mitigates
moral hazard (Calomiris and Kahn [1991], Diamond and Rajan [1999], Diamond and Dybvig
[1983]). In contrast to this literature, this paper analyzes the disadvantages of having too much
short-term debt and how this amplifies the effects of credit booms and busts.

The paper is related to the literature on the regulation of liquidity risk. Shin [2011] proposes
to have a levy on non-core liabilities (any liability of an intermediary held by another interme-
diary) to mitigate pricing distortions that lead to excessive asset growth and the systemic risk
coming from the interconnectedness of financial institutions via short-term debt. Perotti and
Suarez [2011] show that a pigovian tax on short-term borrowing (unsecured) can be an efficient
solution to limit the banks’ excessive short-term borrowing. They concentrate on the regu-
lation of systemic externality associated with banks’ short-term funding. This paper studies
the effects of collateralized short-term debt on the price of the asset and how this interaction,
between the amount of short-term debt and the collateral prices, feed each other during credit
booms and busts.

In this paper, I apply a quantity limit on short-term borrowing in order to regulate the
liability side of the banks’ balance sheet. The results show that a quantity limit on short-term
borrowing increases welfare when investors are optimistic about the market, but it decreases
welfare when investors are pessimistic. In other words, limiting short-term borrowing is wel-
fare improving during booms and welfare decreasing during busts. These results implythat a

regulatory quantity limit on short-term debt is efficient if it is counter-cyclical.



2 Model

Consider a simple two-period economy with a continuum of heterogeneous investors. The
economy contains one consumption good (used as numeraire) and one asset with payoffs shown
in Figure 1. If the state is up (U) at date 1 then the asset pays off 1 unit of consumption good
without risk at date 2. If the state is down (D) at date 1 then the asset pays off either 1 or d
units of consumption good where 0 < d < 1. At date 0, each atomistic investor holds one unit
of consumption good and one unit of the asset. The investors are heterogeneous in their beliefs
about the future. Each investor holds different belief about the probability of the good state
which is denoted by h where h € [0,1]. I work on the general equilibrium model of Geanakoplos

[2009] which allows collateralized short-term borrowing.
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Figure 1: The two-period model.

Each investor is allowed to borrow using her asset as collateral. The borrowing capacity of
the asset is limited by the worst payoff of the asset in the next period. For example, in state D
at date 1, the investor who is holding y; assets can borrow at most dy; units of consumption
good. I define the regulatory limit on the amount of short-term debt as a limit on the borrowing
capacity of the asset with a coefficient a where a € [0, 1]. For example, the same investor holding
y1 assets can borrow at most ady; units of consumption good when there exists a regulatory
limit on borrowing. One can think this limit as the fraction of the asset that can be pledged to
borrow using this asset as collateral.

In the following sections, I solve for the equilibrium of the model and analyse the comparative

statics for both risk-neutral and risk-averse investors.



2.1 Equilibrium when the investors are risk-neutral

When investors are risk-neutral with heterogeneous beliefs h, where h € [0,1] and uniformly
distributed, the date 0 utility for each agent is C§+hCl+(1—h)C% where C{ is the consumption
at date 0, C{} and Cg are consumption in the good state and in the bad state at date 1,
respectively.

At date 0, each investor chooses her consumption (C%), the borrowing amount (), the
amount that she warehouses (wp), and the amount of the asset she buys (yo) by solving the

following optimization problem
mazx {C} + hCl + (1 —h)Ch}
{Co, 0, w0, Y0}
Cl = wo+yo— o
Ch  =wo+ Ppyo— o

C(])-L+CU0+P0y0 :P0+1+S00

vo < aPpyo
wWo 2 0
Yo =0

where P is the price of the asset at date 0 and Pp is the price of the asset at date 1 in the
state D.
In equilibrium, the investor holding the belief (marginal buyer)
Py— P,
W”:fqﬁ
is indifferent between buying and selling the asset. The belief of the marginal buyer determines
the price of the asset. Let P denote the vector of prices P = (Py, Pp).

The investors who are holding beliefs (optimistic investors) higher than h*(P) are buyers
of the asset and borrowers. They borrow at the maximum level ¢y = aPpyg. The sellers are
the ones who are holding beliefs (pessimistic investors) lower than the marginal belief h*(P).
In equilibrium, optimistic investors are buyers and borrowers, while pessimistic investors are

sellers and lenders. The amount of the asset that is bought by optimistic investors is

P41
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The market for the asset clears when the demand of the asset is equal to 1 since there is one
asset in the market. The market clearing equation for the asset is then
1
f Yo dh =1
h*(P)

and the market clearing condition for the borrowing amount is

1 h*(P)
[ aPpyodh= [ okdh
h*(P) 0

where the demand by borrowers (buyers of the asset) is equal to the supply by lenders (sellers
of the asset).

Proposition 2.1 In equilibrium at date 0, investors holding beliefs (optimistic investors) higher
than h*(P) are borrowers and buyers of the asset while investors holding beliefs (pessimistic
investors) lower than h*(P) are lenders and sellers of the asset where

. Py~ Pp
P =g,

is the belief of the marginal buyer who is indifferent between buying and selling the asset. The
optimistic investors are willing to buy the amount

P41

Y= B Ppa
of the asset and borrow at the mazimum level py = aPpyg, and pessimistic investors are willing

to sell the asset and lend to optimistic investors.

At date 1, if the good state occurs, all of the investors continue to hold their optimal choices
till date 2. However, if the bad state occurs, optimistic investors go bankrupt (for o = 1, where
there is no regulatory limit on borrowing) and are wiped out of the market. If there exists
a regulatory limit o < 1, when they end up in state D (bad state), the optimistic investors
pay back their debt and borrow again by using the amount of asset they keep as collateral.
Remember that they borrow at the maximum level ¢y = aPpyy so they continue holding
(1 — a)yo assets after they pay their debt back. There are 1 — h*(P) optimistic investors in the

market so each one of them is holding assets. The budget constraint of an optimistic

l1—«
1—h*(P)
investor at date 1 is as follows
PD<1 — Oé)
ch Ppy < ————~
bH+w +Ppyr < 1—h"(P) + @1

where the borrowing limit becomes

1 < d(ay)



since the worst outcome of the asset is d at date 2.

In state D at date 1, optimistic investors solve the following optimization problem
h h h
max {CH +hChy + (1= h)Chp}
{Cg7<P1,W171Ul}
C,%U =wi t+y1 — 1

Chp =wi+dyr— ¢

Ch+w+ Ppyr = I:D_(}l:(g)) + 1
1 < d(ayr)
wp >0
y1 >0

where CgU is the consumption at date 2 when the asset goes up and Clh) p is the consumption
in the worst state at date 2.
The optimistic investors with beliefs h > h*(P) continue to be the buyers of the asset at

date 1. From now on, I will call these investors old buyers. The old buyers buy

o _ PD(l—a)
b (1= (P))(Pp — da)

Y

at date 1.
The pessimistic investors get the collateral back at date 1 and they hold all the consumption
good in the market, so the budget constraint of a pessimistic investor becomes

Ppa+1
h Ppy, < 22— 1 -
Ch+wi+ Ppyr < 7 (P) + 1

since there are h*(P) pessimistic investors in the market.

In state D at date 1, pessimistic investors solve the following optimization problem
mazx {Ch + hCl, + (1 - h)CH )

{Cga@lawlayl}



C,%U =w1+Y1—¢1
Chp =wi+dyr— ¢

Ch+wi+ Ppyr = Pi?*o(z;)l + ¢
1 <d(ayr)
wp >0
1 =>0.

The belief of the marginal investor decreases to

. Pp —d
WP =T

in state D at date 1 since the optimistic investors lose their collateral value when they come to
date 1. The pessimistic investors who hold beliefs h**(P) < h < h*(P) become buyers of the
asset and borrowers at date 1. From now on, I will call these investors the new buyers. The
new buyers of the asset buy

N _ Ppa+1
YU 0 (P))(Pp — da)

of the asset. Pessimistic investors who hold lower beliefs h < h**(P) continue to be sellers of
the asset and lenders. At date 1, we have three different investors: the old buyers (h > h*(P)),
the new buyers (h**(P) < h < h*(P)) and the sellers (h < h**(P)) of the asset.

The market clearing condition for the asset is as following

h*(P) !
[ oydht [ yPdh=1
B (P) ne(p)

where the intervals for the amount of the asset are given as above.

Proposition 2.2 In equilibrium at date 1 in state D, investors holding beliefs (optimistic in-
vestors) above h**(P) are borrowers and buyers of the asset while investors holding beliefs
(pessimistic investors) below h**(P) are lenders and sellers of the asset where

_ Pp—d
T 1-Pp

is the belief of the marginal buyer who is indifferent between buying and selling the asset. Old
buyers (h > h*(P)) are willing to buy

o _ PD(I—()()
L7 (1= h*(P))(Pp — da)

Y



of the asset while new buyers (h**(P) < h < h*(P)) are willing to buy

N _ PDa —|— 1
YU 0 (P))(Pp — da)

of the asset. Both buyers borrow at the maximum level 1 = adyt where i = O, N.

2.1.1 Comparative Statics

Firstly, we consider the effect of a change in the borrowing limit («) on the price of the asset at
date 0 and date 1. If we increase «, then the buyers will borrow more and buy more asset. This
will increase the price of the asset and will increase the borrowing capacity of the borrowers
and they will buy even more asset. So the expected effect of an increase in a on the price of
the asset is positive.

The marginal belief
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Figure 2: The belief in the market at date 0 and date 1 for d = 0.3.

Proposition 2.3 The price of the asset is increasing in o

dP, dPp
_ > _— >
doo — 0 and dao — 0

at both dates.



The Price of the Asset
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Figure 3: The price of the asset at date 0 and date 1 for d = 0.3.

Figure 3 shows the change in the price for different o values. The price increases at date
0 and date 1 as the investors are permitted to borrow more using their asset as collateral.
This positive relationship shows the interaction between debt accumulation and the price of
the collateral. The Figure illustrates how increases in borrowing capacity and asset price feed
each other. Increases in borrowing capacity increases the price of the asset and this increases
the borrowing capacity of the investor and this further increases the price of the asset. This
amplifies the effect of a credit boom. However, as Figure 3 illustrates, if we limit the borrowing
capacity of the investors, we can limit the distorting increase in the price of the asset which
can mitigate the negative effects of the credit booms.

Secondly, we can calculate the effect of a change in the borrowing limit on the welfare of
the economy. The question is whether a borrowing limit would decrease or increase the welfare.
I use the CES aggregator (Constant Elasticity of Substitution) to calculate the welfare of the
economy. Denote the date 2 welfare of the economy as W;(P) where i = 1,2, 3,4, from the best

to the worst state respectively. Then the welfare of the four different states is calculated as
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1
h“(P) 11+ Ppa\” t 1—Ppa )’ ,
iR =) = ( () o d ) dh)

1

R*(P) /q h*(P) 1 0

WoPoa) = [ [ (oY an+ [ ¥ (1 - dardn+ [ 90 - dayyedn |’
0 h**(P) h** (P) h*(P)

1

WPy B (P) | P

Wi(P,a) = ( +da>)Pdh+ [N —)yrdh+ [ Qd1—a))edn |’

0 h**(P) he*(P) h* (P)

Let the objective probability of the good state be p and the same for the two dates and

independent. The expected welfare of the economy at date 0 is
E(Wo(P,a)) = p*Wi(P,a) + p(1 — p)W2(P, a) + (1 — p)pWs(P,a) + (1 — p)*Wi(P,q)

and the welfare for the two good states is the same. So the expected welfare of the economy

becomes
E(Wy(P,a)) = pW1i(P,a) + (1 — p)pW3(P, ) + (1 — p)2Wy4(P, ).

By defining the objective probability, I will be able to discuss recessions and expansions by com-
paring the belief of the economy and the objective probability. When the objective probability
is higher than the marginal belief of the market, investors are pessimistic about the economy
and this can be thought of as a recession. On the other hand, when the objective probability
is lower than the belief of the market then I will call this an expansion since the investors are
more optimistic about the economy than they should be.

Now we can discuss the effect of a change in the regulatory limit on the date 2 welfare of
the economy. We can discuss the two extreme cases as they end up in the best state and in the
worst state. When they end up in the best state at date 2, the welfare of the economy is Wj.
In this case, an increase in « increases the price of the asset and this increases the amount that
the investors can borrow by using the asset as collateral. The borrowers can always pay their
debt back without any problem. So an increase in « will increase the welfare of the economy.
In other words, a limit on the borrowing capacity of the investors is welfare decreasing if the
investors end up in the best state with probability 1. If the economy is doing better than what

the investors believe, then a limit on borrowing capacity is welfare decreasing.

Proposition 2.4 The date 2 welfare of the economy when the asset goes up at date 1 (in the

best state) is increasing in o

11



The Welfare of the Economy at date 2
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Figure 4: The welfare of the economy in the best state, in the state DU and in the worst state

for d =0.3

oW,
da — 0

This implies that a* = 1 is the optimal a for p = 1. If we know that the probability of
going up is one then no regulatory limit on borrowing is optimal and we can let the investors
borrow and lend as much as they want.

Secondly, we can discuss the effect of an increase in o when they end up in the worst state
at date 2. In this case, an increase in « will increase the borrowing capacity of the buyers and
this will increase their loss when they come to the worst state. As « increases, their loss will
increase. So, an increase in « leads to a decrease in the welfare of the economy if the probability
of the good state is zero. A regulatory limit on the borrowing capacity of investors is increasing
the welfare if the probability of the good state is 0. In other words, if the economy is doing

badly, then limiting the borrowing capacity of investors is welfare increasing.
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Proposition 2.5 The date 2 welfare of the economy, when the probability of the good state is
zero (p =0), is decreasing in «

oWy
oo

<0.

This proposition implies that the optimal regulatory limit is o* = 0 if we have the probability
of the good state p = 0.

Figure 4 shows the change in the welfare of the economy as a changes. It is increasing in
the best state and decreasing in the bad states.

The expected welfare E(Wy(P,«)) is increasing in o when p = 1 and it is decreasing in «
when p = 0. This means that the optimal « is zero (o* = 0) for p = 0 and it is one (o* = 1) for
p = 1. We can find the optimal « for p values in between by taking the derivative of the expected

OE (W, oW OW. oW,
welfare with respect to « so (Wo) =p Ly (1 —p)p—a3 +(1 —p)z—;. Remember that

Oa Oa 0
oW, - oW,

90 = 0 and < 0 so for lower p values this derivative is negative and for higher p values
e «
OE(Wo(P))

this derivative is positive. We can define these boundaries as p’ and p” then <0

OE(Wou(P)) OE(Wy)
da da

which implies that there are optimal « values between 0 and 1 for these p values. Now the

for p < p’ and > 0 for p > p”. This derivative is zero =0forp <p<yp”

question is whether the optimal « is increasing in p.

Now let’s denote this partial derivative as F'(a*,p) = % = 0. The derivative of this
function with respect to p is :
OF do*  OF
9o dp + a =0.
e
The derivative of the optimal a* with respect to p can be calculated as ;;: = % where
oF oW, oWs oWy OF  0?°E(W)) - o .
W = 7 +(1- 2P)W -2(1 fp)w and o = ez < 0. As p is increasing, the

optimal o* that gives the maximum expected welfare is expected to be increasing. The increase
in the probability of the good state decreases the probability that the borrowers end up in the
bad state. This encourages the borrowers to borrow more and this increases the price of the

asset and increases the welfare of the economy.

Proposition 2.6 The optimal requlatory limit that mazimizes the welfare is increasing in p

oo™
> 0.
Op 20
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The optimal alpha value
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Figure 5: The optimal alpha for different objective probabilities for d = 0.3.

As the probability of the good state is increasing, the optimal borrowing limit is also in-

creasing. The optimal borrowing limit is zero for lower probabilities, a* = 0 for p < p’, then
*

it is increasing in the probability for intermediate probabilities, >0 for p’ <p<yp’, and
it is one for higher probabilities, «* = 1 for p > p”. In other words, as the economy is doing
better then the optimal regulatory borrowing limit that maximizes the welfare of the economy
is increasing.

Figure 5 shows the optimal « that maximizes the expected welfare of the economy as the
objective probability p changes. It is seen that the optimal « is zero for lower probability values,
it is increasing in « for intermediate probability values and it is one for higher probability
values so close to one. This concludes that only when the objective probability of the economy
is so close to one, then the optimal « is one. In other words, it is optimal not to regulate
(limit) the borrowing capacity of the investors only when the success probability is so close to
one. Moreover, if the objective probability of the success is lower than one, it is optimal to
regulate the borrowing capacity of the investors. The optimal regulation amount depends on

the objective probability of the economy.
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The Difference of The Expected Welfare

08"

the difference of the expected welfare

0.4

objective probability 0o 0 alpha

Figure 6: The difference of the welfare of the economy when there is full borrowing and when
there is limited borrowing with a.. The welfare calculation is done by using p = —100 (Leontieff)

to have the distributional effect of the investors.

Now, I want to compare the expected welfare of the economy with a limit on the short-term
borrowing and without any limit for different o values and different objective probabilities
p € [0,1]. Figure 6 shows the difference between the expected welfare of the economy when
investors can pledge only « of their asset to borrow minus the expected welfare of the economy
without a borrowing limit. The difference of the expected welfare is calculated for all objective
probabilities and « values. In Figure 6, it is seen that for low objective probabilities, limiting
borrowing is welfare improving and it is welfare decreasing for high objective probabilities. This
is expected since the optimal « is increasing as the economy is doing better.

Figure 7 shows only the nonnegative difference to see the objective probabilities where the
limit on borrowing has a positive effect on welfare. The blue line shown in the figure is the
belief of the marginal buyer that determines the price of the asset when there is no borrowing

limit and the green line is the belief of the marginal buyer when there is limited borrowing.
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The Nonnegative Difference of Expected Welfare

the difference of expected welfare

0.6

0.4

objective probability

Figure 7: The nonnegative difference of the welfare of the economy when there is full borrowing
and when there is limited borrowing with changing « values. The blue line is the belief of the
marginal buyer when there is full borrowing and the green line is the belief of the marginal

buyer when there is limited borrowing.

This figure clearly shows that when the investors hold so lower beliefs compared to the objective
probability, then limiting borrowing is decreasing the welfare of the economy. In other words,
limiting borrowing is welfare decreasing during recessions when the investors are pessimistic
about future. Moreover, a limit on collateral short-term borrowing is welfare improving even in
the case that the investors hold the correct beliefs with the objective probability. This increase
in the welfare is increasing as they hold higher beliefs compared to the objective probability
meaning as they get more optimistic like in an expansion. Therefore, we can conclude that a

counter-cyclical regulatory limit on the amount of borrowing is optimal.
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2.2 Equilibrium when the investors are risk-averse

The utility function for each investor is U(C") where U’(C") > 0 and U”(C") < 0 since the
investors are assumed to be risk-averse in this section. The date 0 utility of each investor is
U(CE) + hU(CE) + (1 — h)U(CP) where C is the consumption at date 0, Ct and C¥ are the
consumptions in the good state and in the bad state at date 1, respectively.

At date 0, each investor chooses her consumption (Cy), borrowing (¢p), the amount that
she warehouses (wp), and the amount of the asset that she buys (yg) by solving the following

optimization problem
max {UCH +hU(CE) + (1 - h)U(CK)}
{007 ®o,wWo, yO}

Co

wo + Yo — ¥o
Cl  =wo+ Ppyo — o

C(])—L+CU0+P0y0 :P0+1+900

vo < aPpyo
wo 2 0
¥ =>0.

In equilibrium, the investor holding the belief (marginal buyer)

U'(CPh)(Po — Pp)

W) = G R (B — Po) + UNCR)(1— o)

is indifferent between buying and selling the asset where P is the vector of the asset prices. The
belief of the marginal buyer determines the price of the asset. The investors who are holding
higher beliefs (optimistic investors) h > h*(P) are the buyers of the asset and they are the
borrowers. The ones holding lower beliefs (pessimistic investors) h < h*(P) than the marginal
belief are the sellers of the asset and they are the lenders.

The Lagrange multiplier for the borrowing constraint is Ay = U’'(C}) — hU'(CE) + (1 —
R)U'(C%). When the borrowing constraint binds,

U'(Cl) > hU'(Ch) + (1 = h)U'(C)

the sellers (pessimistic investors) prefer not to lend money since the marginal utility of con-

suming now is higher than the marginal utility of consuming in the next period. They prefer

17



consuming now rather than lending now and consuming tomorrow. The only condition that
the sellers are convinced to lend money is only if they are indifferent between consuming now

or the next period where
U'(C§) = hU'(CE) + (1 = hU'(Cp)

and this is the condition where the borrowing constraint is not binding. For this case, they

Py+1
2

0 consumption to their date 1 consumption which is the same for the good and the bad state.

borrow ¢ = — (meaning that they lend the positive amount) which equates their date
For the buyers of the asset (optimistic investors), the borrowing constraint binds for the
ones that hold the beliefs h > h'(P) where
_U(Ch) - U(Ch)
U'(Cp) —U'(Cy)

so the optimistic investors with beliefs h > h/(P) borrow at the maximum level ¢y = aPpyo.

W(P)

The less optimistic investors (h < h'(P)) borrow pg < aPpyo.

The belief h/(P) is increasing in « so as the regulatory limit is increasing less buyers can
have binding borrowing constraint. Moreover, the belief of the marginal buyer h*(P) is also
increasing in « which means as the regulatory limit is increasing, more optimistic investors
become buyers and the belief of the economy is increasing. One can easily guess that this
also leads to an increase in the price of the asset since the buyers become more optimistic and
borrow more to buy the asset.

For the case where h'(P) > h*(P), there are two different borrowers with binding and
non-binding borrowing constraint. The amount of the asset that is bought by the more opti-
mistic investors (the ones with binding borrowing constraint) is denoted by 3 and satisfies the

following condition

0 _P0+1—2PD04'

The amount of the asset that the less optimistic investors (with non-binding borrowing con-
straint) buy is denoted as y)’ and satisfies the following inequalities

Py+1+20Y yN<P0+1+2g0(])V
Pr+1  —7° = P +Pp

where ¢} is the amount that each optimistic investor with non-binding borrowing constraint
borrows.

The market clears for the asset if

' (P)

1
f yé\’dh+ f yégdhzl.
h*(P) n (P)
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The borrowing market clears if

r(P) 1 R(P) p. 41
| odh+ [ aPpyPdn= [ 2 ap
h*(P) B (P) 0 2

where the demand of the borrowers is equal to the supply of the lenders.
For the case where h/(P) < h*(P), all the borrowers have binding borrowing constraint.

The market clearing conditions change for this case,

1
J ygdh=1
b (P)
and
1 h*(P) P 1
[ aPpyBdh= [ 2 lan,
h*(P) 0 2

Proposition 2.7 In equilibrium at date 0, the investors holding beliefs (optimistic investors)
higher than h*(P) are the borrowers and buyers of the asset while the investors holding beliefs
(pessimistic investors) lower than h*(P) are the lenders and the sellers of the asset where

_ U'(Ch)(Po — Pp)
U'(CH)(Py— Pp)+U'(CE)(1 — Py)

is the belief of the marginal buyer who is indifferent between buying and selling the asset. The

h*(P)

more optimistic investors (h > h'(P)) have binding borrowing constraint and borrow of =
aPpyf and the less optimistic investors (h < hl(P)) have non-binding borrowing constraint

ob < aPpyd where

L UN(Cl) —U(Ch)
hP) = Grcsy — ek

When they come to date 1, if the good state occurs, all of the investors continue to hold
their optimal choices till date 2. However, if the bad state occurs, the more optimistic investors
(h > h/(P)) go bankrupt for &« = 1 where there is no regulatory limit on borrowing and they
are wiped out of the market. If there exist a regulatory limit o < 1 and they end up in state
D, all of the optimistic investors pay back their debt and borrow again by using the asset they
keep as collateral. Remember that the more optimistic ones borrow at the maximum level
o8 = aPpyf so they continue holding (1 — a)yf of the asset after they pay their debt back.
The less optimistic investors (h < h'(P)) continue to hold less than the more optimistic ones.

In state D at date 1, the investors solve the following optimization problem
max {UChY +hU(Ch) + (1 = R)U(CH)}

{Cgasplvwlayl}
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C%U =w1tY1—¢1
CI}SD =w; +dy1 — o1

Cl +wi+ Ppyr =wo+ Ppyy — @b + o1

o1 <d(ay)
w1 Z 0
yn =0

where CP; is the consumption at date 2 when the asset goes up and C% , is the consumption
in the worst state at date 2. In the optimization problem, i = S, N, B for the sellers, the buyers
with non-binding borrowing constraint and the binding buyers, respectively.

At date 1, the belief of the marginal buyer decreases to

o U(Ch ) (Pp — d)
") = G ) Po —d) + U (Chy ) (L Pp)

where h*(P) < h**(P) as they end up in the state D. The investors holding beliefs h > h**(P)

become the buyers of the asset and the ones holding lower beliefs are the sellers of the asset.
Moreover, the belief that determines the borrowing constraint of the investors also decreases to
/ h N h
h"(P) _ U (C;LDD) U (C’;D)
U'(Cpp) —U'(Chy)

where h"(P) < h'(P). Therefore, similar to date 0, some of the buyers have binding and some

have non-binding borrowing constraint.

Proposition 2.8 In equilibrium at date 1 in the state D, the investors holding beliefs (opti-
mistic investors) higher than h**(P) are the borrowers and buyers of the asset while the investors
holding beliefs (pessimistic investors) lower than h**(P) are the lenders and the sellers of the
asset where

B U'(Chp)(Pp — d)
U(Chp)(Po — d) + U/ (Chy)(1 — Po)

is the belief of the marginal buyer who is indifferent between buying and selling the asset. The
more optimistic investors (h > h’ (P)) have binding borrowing constraint and borrow ¢ =
aPpyf and the less optimistic investors (h < h”(P)) have non-binding borrowing constraint
ob < aPpyd where
1((h r(th
V) =~ e ey
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For the case h*(P) < h"(P), the more optimistic investors with beliefs h > h'(P) continue
to be the buyers of the asset at date 1 and they continue to borrow the maximum amount

©PB = adyPB. The asset that these investors buy satisfies the following inequality

BB> PD(l_a)yOB.
V' =14 Pp—2da

The investors with beliefs &' (P) > h > h" (P) were non-binding at date 0 and they become

binding at date 1 so they borrow pVZ = ady® where the asset they buy satisfies

yNB> PDy(J)V7(péV
L =14 Pp—2da’

The less optimistic investors with beliefs B’ (P) > h > h*(P) continue to be non-binding and

buy yiVY asset which satisfies the following inequality

Py — o + 208 <yNN<PDyéV—<péV+2<in
Pp+1 =71 = Pp+d :

The investors with beliefs h**(P) < h < h*(P) were the sellers at date 0, they become buyers

with non-binding borrowing constraint and they buy yi¥ of the asset and this satisfies

Py +1 Py +1
5 + 2 N 5 + 2%
—§y1 < —=
Pp+1 Pp+d

The pessimistic investors with beliefs h < h**(P) are the sellers of the asset and they lend

Py+1
oh = 0: . The market clearing condition for the asset is as following
R (P) " (P) B (P) 1
[ yVdh+ [ yPVdh+ [ yBdh+ [ yPPdh=1.
h**(P) h*(P) n" (P) n' (P)

For the borrowing market, the market clearing condition is as below

1" ’

h* (P) ' (P) K (P) 1 RUP) Py
[ eYdr+ [ oYV dh+ [ day¥Bdh+ [ dayPBdh= [ dh.
h*+(P) h*(P) n'(P) ' (P) 0 4

For the case b (P) < h*(P) < k' (P), the more optimistic investors with beliefs h > h'(P)
continue to be the buyers of the asset at date 1 and they continue to borrow the maximum

amount PP = adyPB. The asset that these investors buy satisfies the following inequality

BB> PD(l_a)yOB
1 — 14+ Pp — 2d«

The investors with beliefs k' (P) > h > h*(P) were non-binding at date 0 and they become
binding at date 1 so they borrow o2 = adyl'? where the asset they buy satisfies
NB - PDyév — 90{’)\,

N =T Py — 2da
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The less optimistic investors with beliefs h*(P) > h > h”(P) were the sellers at date 0, they

become buyers with binding borrowing constraint and they buy y¥ of the asset and this satisfies

Py+1 Py +1
#SQ{BS#-
Pp +1—2da Pp +d—2da

The investors with beliefs h**(P) < h < k" (P) were the sellers at date 0, they become buyers
with non-binding borrowing constraint and they buy yi¥ of the asset and this satisfies

Py+1 Py+1

20N 20N
5 + 29 SN2 +2¢1
N e - N
Pp+1 Pp+d
The pessimistic investors with beliefs h < h**(P) are the sellers of the asset and they lend
n Po+1
<p1 = 4 N

For the case h*(P) < k' (P) and k" (P) < h**(P), the more optimistic investors with beliefs
h > h/(P) continue to be the buyers of the asset at date 1 and they continue to borrow the
maximum amount PP = adyPB. The asset that these investors buy satisfies the following
inequality

yBB> PD(l_a)yOB
L =14 Pp—2da

The investors with beliefs & (P) > h > h*(P) were non-binding at date 0 and they become

binding at date 1 so they borrow pI¥Z = ady® where the asset they buy satisfies

yNB> PDyév_QOéV
L =14 Pp—2da’

The less optimistic investors with beliefs h*(P) > h > h**(P) were the sellers at date 0, they

become buyers with binding borrowing constraint and they buy y of the asset and this satisfies

Py+1 Py+1
2 <yf< 2.
Pp +1—2da Pp +d—2da
The pessimistic investors with beliefs h < h**(P) are the sellers of the asset and they lend
Py+1
o = :
! 4

For the case h' (P) < h*(P) and h”(P) > h**(P), the optimistic investors with beliefs
h > h*(P) continue to be the buyers of the asset at date 1 and they continue to borrow the
maximum amount PP = adyPP. The asset that these investors buy satisfies the following
inequality

Y BB Pp(l—a)yi
V' =14 Pp—2da’
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The less optimistic investors with beliefs h*(P) > h > h”(P) were the sellers at date 0, they

become buyers with binding borrowing constraint and they buy y of the asset and this satisfies

Py+1 Py +1
#SQ{BS#-
Pp +1—2da Pp +d—2da

The investors with beliefs h**(P) < h < k" (P) were the sellers at date 0, they become buyers
with non-binding borrowing constraint and they buy yi¥ of the asset and this satisfies

Py+1 Py+1

20N 20N
5 + 29 SN2 +2¢1
N e - N
Pp+1 Pp+d
The pessimistic investors with beliefs h < h**(P) are the sellers of the asset and they lend
n Po+1
<p1 = 4 N

For the case h'(P) < h*(P) and h”(P) < h**(P), the optimistic investors with beliefs
h > h*(P) continue to be the buyers of the asset at date 1 and they continue to borrow the
maximum amount PP = adyPB. The asset that these investors buy satisfies the following
inequality

yBB> PD(l_a)yOB
L =14 Pp—2da

The less optimistic investors with beliefs h**(P) > h > h*(P) were the sellers at date 0, they

become buyers with binding borrowing constraint and they buy y¥ of the asset and this satisfies

Py+1 Py+1
—2 < yf < 2
Pp+1—2da Pp +d—2da
The pessimistic investors with beliefs h < h**(P) are the sellers of the asset and they lend
b Py+1
901 - 4 .

2.2.1 Comparative Statics

In this section, I will show the comparative statics for the equilibrium of the risk-averse agents.
Let’s define the utility function U = (C)” where v € (0,1). For ease of calculation, I concentrate
on the equilibrium where C = C# for the buyers which leads to W' (P) = 0. This means the
borrowing constraint binds for the borrowers. Figure 7?7 shows the belief of the economy at date
0 and date 1. When the investors are risk averse, the belief of the economy is lower than the
belief in the risk-neutral investors equilibrium. As the investors get risk-averse, they become

less optimistic.
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The price of the asset is increasing in « as shown in Figure 7?7. The utility of the investors
are increasing in the best state. The utility of the seller is increasing in the worst state whereas
the utility of the buyers are decreasing in the worst state.

The main question I focus on is whether the welfare results for the risk-neutral investors come
from the distribution of the buyers and the sellers which is captured by the CES aggregator.
In this section, I define the welfare as the sum of the utilities of the investors to answer this
question.

Let us denote the date 2 welfare of the economy W;(P) where i = 1,2, 3,4, from the best
to the worst state respectively. Then the welfare for the four different states (for the case

h*(P) < h"(P)) is calculated as

h*(P) n'(P) _ _ B 1 I -
wi(P)= | U(1+‘p0)dh+ J U(yo (oo S"0))(1h+ J U(1 0 %)dh
0

h*(P) he(P) W (P) — h*(P) WP 1—h'(P)
wiry=""v () one o (Bie e | oo ()
A
R e L R = P e I

Wi(P) = h*;SP) < I+e )dh h*}P)U ((1— (y1 +y2 +ys3))d — (¢ — (<P1+<P2+<P3)))> dh

h**(P) h* (P) h*(P) — h**(P)

n'(P) _ h'(P) _ 1 _

y3d — 3 yad — 2 y1d — @1

+ f U (***) dh + f U (///> dh + f U </> dh
he(P) h*(P) — h**(P) WPy h'(P) — h"(P) wir) 1—n'(P)

where ¢y is the aggregate amount that the borrowers borrow, ¢f is the aggregate amount that

the borrowers with binding borrowing constraint borrow, yo is the aggregate amount of asset
that the buyers with non-binding borrowing constraint buy at date 0, y; (1) is the aggregate
amount of asset that the buyers with beliefs A > h/(P) (the ones that have binding borrowing
constraints at both dates) buy (borrow), ys (p2) is the aggregate amount of asset that the
buyers with beliefs b’ (P) > h > h" (P) (the ones that become binding at date 1) buy (borrow),
ys (ps3) is the aggregate amount of asset that the buyers with beliefs ' (P) > h > h*(P)
(the ones that have non-binding borrowing constraints at both dates) buy (borrow) at date 1.
Let the objective probability of the good state, denote as p, be the same for two dates and

independent. The expected welfare of the economy at date 0 is
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E(Wo(P)) = p*Wi(P) + p(1 — p)Wa(P) + (1 — p)pWs(P) + (1 — p)*Wy(P)

and we can see that the welfare for the two good states is the same. So the expected welfare of

the economy becomes
E(Wo(P)) = pWi(P) + (1 = p)pWs(P) + (1 — p)*Wu(P).

This calculation is the same with the risk-neutral case.

Now I want to talk about the effects of an increase in o on the expected welfare of the
economy. We can follow the same order as in the risk-neutral case and start with the discussion
if the probability of the good state is 1. This means they end up in the good state and the
welfare of the economy is Wj. In this case, an increase in « increases the price of the asset
and this increases the amount that the banks can borrow by using this asset is collateral. The
lenders can always pay back their debt without any problem. In this case, an increase in «a will

increase the welfare of the economy.

Proposition 2.9 The date 2 welfare of the economy when the asset goes up at date 1 (in the

best state) is increasing in «

oWy
Oa

> 0.

This implies that « = 1 is the optimal « if p = 1. If we know that the probability of going
up is one then no regulatory limit on borrowing is the optimal and we can let the investors
borrow and lend as much as they want.

Secondly, we can discuss the effect of an increase in « if the probability of the good state
is zero. This means they will end up in the worst state at date 2. In this case, an increase in
« will increase the borrowing capacity of the buyers and this will increase their loss when they
come to the worst state. As « increases, their loss will increase. So, an increase in « leads to a

decrease in the welfare of the economy if the probability of the good state is zero.

Proposition 2.10 The date 2 welfare of the economy, when the probability of the good state is
zero (p =0), is decreasing in «

oWy <

e <0.

This proposition implies that the optimal regulatory limit o = 0 if we have the probability
of the good state p = 0. The expected welfare E(Wy(P)) is increasing in o when p = 1 and

it is decreasing in o when p = 0 which is the same with the risk-neutral case. This means the
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optimal « is zero a* =0 at p = 0 and it is one o = 1 at p = 1. We can find the optimal alpha

for different p values in between by taking the derivative of the expected welfare with respect

to
OB(Wo(P) _,
Oa
P E(Wy (P
where % < 0. Now let’s denote this partial derivative as
o
OEWp)
Fla*,p) = ———==0.
(", p) Do

The derivative of the optimal o™ with respect to p can be calculated as

oF
do” _ 9P
dp — OF
e

Wy oWy

and this derivative is positive since >0 and o <0.
o

When we calculate the difference(z9 Oéf the expected welfare when there exist a regulatory
limit and when there is no regulation. The difference is shown in Figure ??. This difference
is calculated as the welfare of the economy when the investors have limited borrowing for all
« values minus the welfare of the economy when the investors have no borrowing limit (when
a = 1). Figure ?? shows that limiting borrowing is welfare decreasing for high objective
probabilities and it is welfare increasing for low objective probabilities. For a comparison of the
objective probabilities with the marginal belief in the market, Figure ?? shows the non-negative
difference of the expected welfare and the blue line shows the belief of the market. Limiting
borrowing is welfare improving when the marginal belief is higher than the objective probability
and it is welfare decreasing when the marginal belief is lower than the objective probability. In
other words, a liquidity regulation improves welfare during expansion when the investors are
very optimistic compared to the objective probability and it decreases welfare during recession
when the investors are very pessimistic.

In this section, we show that when we calculate the welfare as the sum of the utilities then
the change in the welfare is the same as in the previous section when we calculate the welfare
with CES aggregator. We can conclude that this result does not come from the distribution
of the sellers and the buyers. Therefore, a regulatory limit affects the utility of the investors
and this changes the welfare of the economy. According to this study, I find that a regulatory
limit on the amount of short-term debt is welfare decreasing when the investors are pessimistic

about the future compared to the objective probability and it is welfare improving when the
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investors are optimistic about the future. As a result, a counter-cyclical regulatory limit on the

amount of borrowing is the efficient regulation that improves the welfare of the economy.

3 Conclusion

This paper develops a general equilibrium model that shows the interaction between the bor-
rowing capacity of the investors and the asset price and how this amplifies the effects of credit
booms and busts. The main objective of the paper is to analyze the efficiency of a limit on
the borrowing capacity of the investors to regulate the liquidity in the market and mitigate the
effects of the credit cycles. As a limit on the borrowing capacity of the investors, I introduce a
fraction a that determines the borrowing capacity of the collateral. This limit « can be seen
as the fraction of the asset that can be pledged to borrow against or « is the fraction that the
investors can borrow after they pay the tax on their debt (in this case, investors are paying
1 — « of the asset price as tax and borrow only the « fraction of the asset price).

The results of the paper show that when the investors are holding higher beliefs than the
objective probability (more optimistic about the future) of the economy, limiting borrowing is
welfare improving and when the investors are holding lower beliefs compared to the objective
probability (more pessimistic about the future) of the economy, limiting borrowing is welfare
decreasing. In other words, limiting short-term collateral borrowing is welfare improving during
the expansions when investors are overoptimistic about the future of the asset and it is welfare
decreasing during the recessions when investors are overpessimistic about the future of the
economy. Therefore, a counter-cyclical quantity restriction on the short-term borrowing (lower
during expansions and higher during recessions) is the optimal regulation according to the
model.

The results show that limiting the amount of short-term debt in the economy can be used as
an efficient tool for liquidity regulation of the market. The welfare effects of this limit provide
a rationale for macro-prudential regulation. This paper concludes that liquidity regulation can

mitigate the extreme effects of a credit cycle.

A Appendix

Proof of Proposition 2.1

The Lagrangian of the optimization problem is
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L=Cl+hCl+(1—h)CYH+ M (—Cl — Poyo —wo + Po + 1+ o) + Ao (Ppyoc — o).

The investors choose the optimal Cg, o, wo and yg so the first order conditions are

oL

— =1-X1=0 Ar=1

ach 1 == A1

oL =—h—(1=h) +A —-Ad=0=>X=0
o

oL

-_— :h—F(l—h)PD—)\lPO—F/\QPDOZSO
Yo

oL

— =h4+(1-h)—X <0

Owg +( ) 1=

The Kuhn-Tucker conditions are A (—C# —wo — Poyo + Po+ 1+ ¢g) = 0, Aa(Ppyoa — o) = 0,
yo(h+(1—h)Pp—XA1 Py+X 2 Ppar) = 0 and wo(h+(1—h)—A1) = 0. From the first order conditions,
we have A\; > 0 and this implies the budget constraint is binding C +wq + Pyyo = Py + 1+ @o.

If we have yg = 0 then h < @.These investors are the sellers and the lenders. They
are indifferent between consuming andDwarehousing.

If yo > 0 and w9 = Ppayp so these investors are the buyers and the borrowers. The budget

Py+1
constraint becomes Pyyg = Py + 1 + Ppayp and this implies yy = %. They borrow at
0 — I'px
Py+1
the maximum level ¢y = PDaPOO—i—;’DO/
1
The market for the asset clears if [ yodh = 1. This leads to (1 — h*(P))yo = 1 =
h*(P)
Py — Pp 2Ppa Py+1

(1- Jyo = 1 and if we plug in yo, we get (1 =1.

1—Pp P+ 1'P - Ppa

Proof of Proposition 2.2

The only difference between date 1 optimization problem and date 0 optimization problem

PD(I — Oé)

1—h*(P)

amount of consumption good at date 1 whereas the pessimistic investors with beliefs h < h*(P)
Ppa+1

have 7}?* ( ;) amount of consumption good. The Lagrangian of the optimization problem for

the optimistic investors is

is the budget constraints. The optimistic investors with beliefs h > h*(P) have

11—«

£ = O+ hCpy + (1 =n)Chp +M(=Ch = Poyr —wr + Py

+¢1) + Aa(dyra — 1),

The solution of the optimization problem is the same. The investors with the beliefs h > h*(P)
PD(l — Oé)

(1= h*(P))(Pp — da)

investors the old buyers. They are also the borrowers and they borrow at the maximum level

of the asset. I call these

continue to be the buyers and they buy 3¢ =

@1 = yPda. The amount of their consumption at date 2 is C]%U = y?(1 — da) if the asset goes

up and Cpp = yPd(1 — a) at the worst state.
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The Lagrangian of the optimization problem for the pessimistic investors with beliefs A <
h*(P) is
PDQ +1
h*(P)

The solution is similar to the above problem. The investors holding beliefs h > h**(P)
Pp—d

where h**(P) = 1D_ g e the buyers of the asset and also the borrowers. They buy

N Ppa+1

Yy = m of the asset and they borrow at the maximum level p; = dyi¥a. 1

call these investors the new buyers since they become buyers of the asset at date 1 although

L= C}L) + hC}DLU + (1 — h)C}DLD + )\1(—0% — Ppyy — w1 + + Lpl) + )\g(dyla — (pl).

they were the sellers at date 0.
Proof of Proposition 2.3
1
At date 0, [ yodh =1 implies

h*(P)
1_PO_PD Py+1 _q
17PD P07PDOé

(1= F)(1+ Po) — (1= Pp)(P — Ppa) =0.

and this is simplified to

At date 1,
h*(P) 1
[ oydht [ yPdh=1
h*=(P) h*(P)
implies

1—Pp 1—-d
These two equations are simplified to

(14 Ppa)1-Pp)  (1+da)(1—d)
Po+l= Py — Pp T Pp—-d

(Fe-1250) (R72) (-3 (=) -

We can define two functions
Fl(PmPD,a) = (Po + 1)(P0 — PD) — (1 — PD)(PDOé + 1) =0
Fg(Po,PD,Oé): (P0+1)(Pp—d)—(1—d)(da+1):O

The derivatives are

3F1 8F2

— = (Py— P, Py+1 0, —=F+1>0
P, (Po—Pp)+ (P +1) > Py o +1>

oF, OF,

—L =——a(l1-Pp)—(Py—P, 2 =Pp—
8PD Oé( D) ( 0 Da) < O, ap() D d>0
8F1 81'7‘2

=1 —_(1-Pp)P =2 = _(1-d)d<0.

50 ( p)Pp <0, -~ (1-d)d<0

By Cramer’s rule, the derivative of Py with respect to o can be written as
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OF, OF;

_OF OF, | OF 0F,
@ o Oa OPD 8PD Oa
do OF, 0F;  OF, 0F,
0Py 0Pp O0Pp0F,
and we plug in the above derivatives, we get
dPy (1-Pp)Pp(Po+1)+ (a(l = Pp) + (o — Ppa))(1 —d)d <0
doo  ((Po—Pp)+ (Po+1))(Po+1)+ (el — Pp) + (Po — Ppe))(Pp —d) =~
Remember Py = h**+(1-h**)Pp and h T2 ° 0 - o (1—Pp)+(1—h**) Ia and
P 2(1 - Pp)dP P
by Md—[) which implies that 4Pp > 0.

dh** 1 dPp
. Aft lgebra, — =
er some algebra, —— T4 da
An investor can not be made better off while making the others not worse off

do  1-—d do

Remember the Lagrangian of the optimization problem at date 0
(]. — h)Cg + )\1(—0(}} — Poyo + Po + 1+ 900) + )\Q(Ppyoa — (po).

L=C}+hCk+
82(01;) = %% + %% where v(P) is the indirect utility.

By Roy’s Identity, we have
It is the consumption of the investors in our model since the investors are risk-neutral. The

5 <1 + PDa>
*(P dP,
h*(P) = )\1—0 > 0 and the consumption of the buyer
Oa do

consumption of the seller
9 ( 1— Ppa >

LV 1= ) B2 < 0 since o = % >1
Now remember the Lagrangian of the optimization problem for the old buyers at date 1
L=Ch+hChy + 1 =h)Chp +M(=Ch — Ppyr + PD% + 1) + Aa(dyrcr — 01). In
state DD, the consumption of the seller is again increasing since the consumption of the seller

is always the same in any state. The consumption of the old buyer is decreasing in «
dP,
P <0

oC(P) o (1-a) dPp ad(1l — )
e e KR W <
da 1—h*(P)’ da (1—-h*(P))(Pp — ad) da
. PD(l — Oé)
. o _ .
since yj A=) (Pp — ad)
Now remember the Lagrangian of the optimization problem for the new buyers at date 1
Ppa+1
L =Ch+hChy + (1 —h)Chp + M(=Cph — Ppyr + % + 1) + Aa(dyia — ¢1). The
consumption of the new buyer is also decreasing in «
dP, 1 2d dP,
(Oé) )7D -\ +a D <0
(h*(P))(Pp — ad) da

OB(P)
“h - h*(P)’ da

a0

since y¥ = Ppa+ 1
I (P (Pp — ad)
Proof of Proposition 2.4
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1

The welfare of the economy in the best state is Wi = ((A)?h*(P) + (B)?(1 — h*(P)))P
1+ 1—9p
where A = | —— | and B =

h* 1—h*
the derivative with respect to «, we have

) and ¢ = Ppa to ease the notation. When we take

1
owy 1 —-1 0A 0B oh*
T APk + BP(1— b)) P (pAP T b 4 pBP 2= (1 — h*) 4 (AP — BP :
= aen - e -n)p (At et B2 )+ (40— 1) G
A * 1
The derivative of the consumptions with respect to a are 6— = 8—@ — Oh A)— >0 and
foJe’ Jda O h*

B h* 1
8— = _(’E + 9 B < 0. When we plug these derivatives in the above derivative,
Jda da  Oa 1—h*

1
1 ——1
we have o _ 1 (APh* + BP(1 — h*))P  G(P) where
Oa p
dp  Oh* dp  Oh* oh*
Py=(pAr~1 | £ - ——A)—pBr | L - — AP — BP .
G(P) (p (8@ Oa ) PB (6‘@ Oa B) + B7) 8a>
* (P P
Define a function f : Ry — R such that f(x) = 2 on” _ pxP 1 o )x _ 9Ppa) . Now
Ja Oa e

we can write the derivative in terms of the new function f as G(P) = (f(A) — f(B)). First, I
1+ PDOl < 1-— PDa
h*(P) — 1—h*
.. .. 1+ Ppa
1+ Ppa — h*(P) — Ppah* > h* — Ppah* and this implies ———— > 2. Remember that

h*
14+ P . . . . L
7*1:)0( = Py+1 since C} = C’g and 14+ Py > 2 gives contradiction since Py < 1. This implies

1+ Ppa < 1 - Ppa
h* - 1-—h*
of the buyer when they end up in the best state.

want to show that or A < B. Assume the reverse relation then we have

so A < B. The consumption of the seller is smaller than the consumption
oh* . d(Ppa)

Now let’s write the derivative of the function f(x) as f'(z) = —p(p—1)2zP~2 < 5 3
e Je?

. 0A dp  Oh*
! > —_— = —_—— —
so f'(z) > 0 at both A and B since %0 (6& o

f(A) — f(B) < 0 which concludes that % >0 for p <0.

A) % > 0 and A < B. This implies

Proof of Proposition 2.5

The welfare of the economy in the worst state is

Wy = (APh**(P) + B?(h*(P) — h**(P)) + CP(1 — h*(P)))P
14 do

where A = W ()’ B =yN(d— ad) and C = yP(d — ad).
First, I want to show that C < B < A. The consumption of the new buyer is B = y (d —
P 1
ad) = W;L—ad)(d — ad) and the consumption of the old buyer is C' = y(d — ad) =
PD(l - Oé)

A= (P))(Pp —ad) (d—ad). Let’s assume C > B then Pp(1—a)h*(P) > (1-h*(P))(Ppa+
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PDOé—i-l

1) and this implies Pp + 1 > = Py + 1 which contradicts. So, we have B < C'. And

h*(P)
Ppa+1 da+1 Ppa+1 . d—do
C= P Pp—ad) D= A= T T Ty S By T da S
Now let’s write the derivative of the welfare with respect to « in terms of A, B and C'
1
oWy 1 —-1
90 " 5 (APh**(P) + B?(h*(P) — h**(P)) + C*(1 = h*(P)))P  F(P)
0A 0B oC oh**

— p—1 77" poxx p—1=-= * k% p—1= _ h* o _ P

where F(P) = pA 8ah + pB 3a(h h**) + pC aa(l h*) + " (AP — BP) +

h* 1
68 (B? —C*). For ease of notation, I want to define the consumption as following A = ht:o,
o

d—(p—¢" 1—yo)d — P
B = % and C = % where ¢ is the aggregate amount that the

sellers lend, P is the total amount that the old sellers borrowed and 7, is the aggregate

0A
amount of the asset that the new buyers buy. The derivative of the consumption are — =

O
dp  Oh** 1 0B Yo dp o8 Oh* oh** 1
_ _ - > - — <
(604 oo A) hx — 0, Oa ( - B B hx —h** — < 0 and

foJe O + oo da Oa
oC [ dyo , 0OpP  Oh* 1
804( 8ad 8a+8ac 1 — hx

< 0. If we plug these in F'(P), we have

_, (O0p  Oh** _1 (9o (24 0p® O oh**
— p—1 (2 p—1 22 -
F(P)=pA (804 O A) TrB <8a da " B da O« B+ O B+

_ Yo 0B oh* oh** oh*
p—1 _ P _ BP p_Cr
pC (’9d 0a+80+3(A B)—i—a(B cry=

Jp  Oh™* Jdp  Oh™* oh**

p—1 (T _ _ p—1 (¥ _ P _ BP
pA <8a D A) PB <8a da B) t e W B+
—, {Oyo dpB  oh* Ao 0P on* Bh*
BP 1 d p—1 d e BF_CP
P (a T 90 " oa ) pC <6a Y0 ")t el B
Define two functions f: Ry — R and g : Ry — R such that
Op  Oh** Oh**
— p—1 (22 _ P
f(X)=pX (8& 90 X) 9 X? and
1 { 9o opB  On* oh*
— p—1 | 22 - p

9(X) = pX ( Ow d+ Ow O X)+ Oa X
Then, we have F(P) = f(A) — f(B) + g(B) — g(C). The derivative of the functions are
(X)) = plp 1X(92< (‘9h )ZOatAandBSincegAZOandAszhich

o
L _ Yo dpB  On*
_ > — _ (p—2) [ ZZY v >
implies f(A) — f(B) >0, ¢'(X) = plp— 1)X (5'04 d+ 90 90 X)>0at Band C
since g—c < 0and B > C which implies g(B) — g(C) > 0. Therefore, F'(P) > 0 and this implies
Q
that OWs <0 for p <0.
foJe

Proof of Proposition 2.6
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oF

da* C Op
The derivative of optimal a* with respect to the probability is da = % First, let’s
D il
Ja
or PEW)

start from the denominator, we have —

da  0Oa?
is maximizing the expected welfare E(W). Now, let’s find the sign of the numerator, we have

< 0 since we know that the optimal o*

8E(W) an 8W3 2 8W4 . . . 0W3 1-— P 8W4
= 1-— —_— — —_— = hich 1 = - —
Oda p Jda +( p)p Jda +( P) Oa 0 which implies Jda p O«
L% The derivative in the numerator is
1—p Oa
P <6E(W)>
8F aOt 8W1 6W3 8W4
— = = 1-2p)— —2(1 —p)—
dp dp da + 2 Oa (1-p) Oa
and if we plug in %, we have a—F __» I Lo oW,y > 0 since we know that Wy >0
le]

Op 1—p Oa p  Ou

d
< 0. This implies that doz > 0.
P

oWy
Oa
Proof of Proposition 2.7

and

The Lagrangian of the optimization problem is
L=U(C§)+hU(CH) + (1 —hU(CH) + M (=Cf — Poyo — wo + Po + 1+ o) + A2 (Ppyoa — o).

The investors choose the optimal Cg, o and yo so the first order conditions are

0L [OE) M = 0= Ay = U(C}) > 0

act

25— AUCh) — (L= WU (C) + X = da = 0 = X = U'(CH) — [W0(CE) + (1 = U'(CH)
0

% = hU'(C) + (1 — h)U'(C1y)Pp — M Py + AaPpa < 0
0

oL 1((h 1((h

->— =hU'(CH)+ (1 -h)U(Cp) = A1 <0

8&10

The Kuhn-Tucker conditions are Ay (—C¥ —wo — Poyo + Po+ 14 ¢g) = 0, A2(Ppyoa — o) = 0,
Yo(hU' (C)+(1—h)U'(C1)Pp— X1 Po+ A2 Ppa) = 0 and wo(hU'(CR)+(1—h)U'(CH)— A1) = 0.
From the first order conditions, we have A\; > 0 and this implies the budget constraint is binding
CSL 4+ wo + Poyo = Py + 1+ ¢p. And for the investors who have binding borrowing constraint
as Ao > 0, we have wy = 0.

If Ay > 0, we have U'(C}) > [hU'(CE) + (1 — h)U'(CP)] and g = Ppyoc. If yo = 0, then
o =0, Chk =C} =0and C} = Py+ 1. The condition U'(C) > [RU'(CE) + (1 — R)U'(CH)]
implies that U’(C{) > U’(C#) which also implies C! = Py+1 < Ch = 0. This is contradiction.

So, the sellers never have binding borrowing constraint. If yo > 0 and @9 = Ppayg then
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’ hY _ 717/ h
U'(Ch) > [hU'(Cl)+(1—h)U'(C}y)] implies h > 555@3 - gég})};
h

that U’(CP) < U’(C%) and this leads to Ck = yP (1 — Ppa) > C}

. This condition also implies

=P+ 1+ yf(Ppa— R).
P . B P+1

Thus, the asset that the very optimistic investors buy satisfies y; >

O = Py +1-2Ppa’
If A2 = 0, we have U'(C}) = [RU'(CE) + (1 — h)U'(C%)] and @9 < Ppyoa. This implies

Ch < Ch <Ol If yo = 0, then o < 0, Ch = Ch = —pgy and C! = Py + 1. The condition
U'(Ch) = [hU'(CE)+(1—h)U'(CH)] implies that C, = C = C} which leads to ¢ = —P02+ 1.
So, the sellers are the lenders. If yo > 0, we have C = Py + 1+ ¢} — Poyd’, O =y — o
Potlt2go _ o _
Py+1

and C% = Ppyl’ — pl¥. The condition C}, < Cl < C! implies that

Py + 1+ 29
Py+Pp
Proof of Proposition 2.8

The Lagrangian of the optimization problem for the more optimistic investors (h > h/(P))
is
L=Ch+hChy + (1= h)Chp + M (=Ch — Ppyr —wi + Ppyf (1 — a) + ¢1) + Ae(dyra — ¢1).
These investors continue to be the buyers with binding borrowing constraint and they buy
_ B
leB > F)D(1 a)yo

~ 1+ Pp — 2da )
The Lagrangian of the optimization problem for the less optimistic investors (h (P) > h >

h*(P)) is

of the asset.

L=Ch+hChy+ 1 —h)Chp+M(=Cph — Poyr — w1+ Poyg — o) + 1) + Xa(dyra — 1),

The investors holding the belief h’ (P) > h > h”(P) continue to be the buyers with bind-

' . . Ppyd — ¢
ing borrowing constraint and they buy y{’B > 1% Pp — 2da

dfraclU’ (Ch ) — U/(CBYU' (O ) — U'(Chy;). The investors holding the belief " (P) > h >

of the asset where A’ (P) =

h*(P) continue to be buyers with non-binding borrowing constraint and they buy
Ppyy — o +2¢7 Ppyy’ —¢f +2¢7
1 + PD d + PD

The lagrangian of the optimization problem for pessimistic investors with beliefs h < h*(P)

<yl < amount of assets.

is

Pyt 1
L=Cl+hCly + (1—h)Chy + M (—Ch — Poyy —w; + 0

+ ©1) + Aa(dyra — 1).

The solution is similar to the above problem. The investors holding beliefs h > h**(P) where

Pp—d
h*(P) = D are the buyers of the asset and also the non-bonding borrowers. They buy

1-d
FPy+1 FPy+1
02 + 2 02 + 20N
1P, <y} < i Py of the asset. The investors holding beliefs h < h**(P)

continue to be sellers of the asset.
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This proof is for the case where I assume h" (P) > h*(P). If the inequality is reversed, then
the only difference will be that all the buyers at date 0 will become a binding borrower and the
new buyers become either binding or non-binding instead of only non-binding here.

/Th}? proof t/hathh//(P) S/ W (hP) is as fc;}lowing. Assume that h" (P) > h'(P) then
5 (%DJS)__[Z <(CC§U)) ggggi - ggg[‘;}; This implies that U/(Cly) (U"(Cl) — U'(Ch)) >
U'(Clp)(U7(Cl) — U'(C)) + U'(Cy ) (U'(Ch) — U'(C)) and we know that U'(Cly,y) >
U'(Ch,;) since CB, < OB, This leads to U'(CH)(U'(CL) — U'(CR)) > U'(Chy) (U (CE) —
U'(Ch)) and U'(Cr) < U'(Ch) implies that U’'(CP) < U'(Ch,;) and this gives Cp > Ch,;

which is contradiction.
1R _ TTI (R
Moreover, h'(p) — U/(Cg) U/(C%)
U (cp)-u'(cl)

1+yo(Ppa — Pp) is increasing in o and the consumption Cl = yo(1 — Ppa) is decreasing in a.

is increasing in « since the consumption Cé” =P+

Proof of Proposition 2.9
The welfare of the economy in the best state is

Wi = (U4 (P)+ U(B)(K (P) = h*(P)) + U(C)(1 = ' (P))) where A = (1“’), B -

h*
B B
(e — 11—y —
(W) and C' = (1yOh*SD> where ¢ is the aggregate amount that the bor-
rowers borrow, ¢F is the aggregate amount that the binding borrowers borrow and yq is the

aggregate amount of asset that the non-binding borrowers buy to ease the notation. When we

an_ *TT/ % L psN\TT! 82 _
= R U A) e+ (0 BB+ (1

take the derivative with respect to a, we have
aoC  on* on’

h/)U’(C)af t5 (UA)-U(B))+ af(U(B) —U(C)). The derivative of the consumptions are
@ o @

DA dp  Oh* 1 OB dyo  Op OB R Oh* 1

il (e — >0, — =2, 77 7 - <

da <8a da A) h* 20, da (8@ 8a+ da 8aB+ da R — h* < 0 and
oC dyo 0P oW 1 RN
o2 o) — <.

90 e D0 B = = 0. When we plug these derivatives in the above

oW,

— U'(4)

derivative, we have

dp  Oh o Jp  Oh* oh* 3
a O A) vi(B) <6a Oa B> * Oa (UA)

U(B))+U'(B) (88‘12) + 8(%3 — %B) -U'(C) (%ﬁ + a(;ij — 2’;0) + g—ha(U(B) -U(Q)).

Define functions f : Ry — R and g : Ry — R such that f(X) = U'(X) (&p _on X) +

Jda  Oa
%}Z U(X) and
9(X) =U'(X) @‘gj + %’% — ZZX) + gZU(X) then aavgl — f(A) — f(B) + g(B) — g(C).
The derivative of f is f/(X) = U"(X) <gz _ %ZX) F/(A) < 0 since U” < 0, % > 0
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, o oy 0pB  on

! < < T (Sl

and f/(B) < 0 since B < C implies that (8& + D0 e
3£ B oh*
Oa Oa

B) > 0 and this implies

B) < 0. This leads to f(A) — f(B) > 0 since A < B. The derivative of g

B h
is ¢'(X) = U"(X) <ay° 4o ax). We have ¢/(B) < 0 and ¢/(C) < 0 from the

same reasons above. This leads to g(B) — ¢g(C) > 0 since B < C. So, we have 3(;/[/1 =
o

f(A) = f(B) +9(B) —g(C) = 0.
Proof of Proposition 2.10

The welfare of the economy in the worst state is

Wy = U(A)h*™ + U(B)(h* — h**) + U(C)(h" — h*) + U(D)(h' — ") + U(E)(1 — )

where A — 1+<P7 g A=ty ty))d-(p— (<P1+802+<P3))’ C ysfl*@:s’ D -
d " ", 0A op "
Y2ad — P2 _ hia— 1 PR 4 _gp 04, s / OB 0 s pax
o %,,C and E = T a.Z;I“he derivative is %Oﬁé_; U'(A) 6ah +U'(B) g}?*ah h**) +
7 e 1" _ % / e ’ _ 1" / v _ !/ _ _
U (C)é)a(h h*)+U'(D) D0 Eh h )+U(E)€)a(1, h)+ (U(A)—-U(B)) 90 +(U(B)
oh* oh oh
VO g+ VO VDG OO OB
The derivatives of the consumption of the investors are — = 7 Al — >0,
oo foe} Oa h**
0B oy 0ya Y3 dp Op1  Ops Opz Oh* oh** 1
—_— = —_a— —aq — —q — — _— _— _— <
da ( aad 8ad Gad 8a+8a+6a+8a 8aB+ da h*fh**_o7
oC dys . g3 Oh” Oh* 1
—_— = _— - — — —— — <
da (3@ d da  da + O C) R’ —h* — 0,
oD dys . Opy OB on” 1
o (2222 _TpiZip)— <
O ( O d da  Oa O n —hn" — 0 and
OE [0y, , dp1 0N 1 : -
g2 R —— <.
Da ( 90 d En + 90 E> T = 0. When we plug in these derivatives, we get

Wy oo (e Oht N\ o (Do O - o™
S _U(A)<aa o A) U'B) (5~ 52 B) + UA) - UB)Z—+

dys . g3 Oh” oh* dys . g3 Oh Oh*
! I R _ ! g9 T T
U(C)<8ad Oa 6ozc+ 8a0> U(B))<8ad Oa 8aB+8aB +
on” _on’ : dy2 , Opa OW 0N\
0y 0o on’ on”
/ _Jd4 _ _re 7 - _ -
U'(B) <8a d Oa Oa B+ Oa B) +(UD) - U(B) <8a Jda )

U'(E) (ayld S O B Dy [ Qg 221 ahB) —wE -um) —

da da 9o Do Jda Oa
f1(A) = f1(B) + f2(C) = f2(B) + f3(D) — f3(B) + fa(E) — fa(B)
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0 Oh**
where I define f; : Ry — R for i = 1,2,3,4 such that f1(X) = U'(X) <<,0 - X) +

oo Jda
ah**
(o _on
Oa Oa |’

Oa’
F2X) = U'(X) (ay%z JOe by Oy
on' on”
(aa - aa> and
Wehavefl( ) = U”(X)(

U(X)

Oa Oa

f3(X) = U'(X) (‘?;fd - % - %D 49 X)
a

F1(X) = U'(X) <6y1d _ %, a"X) U(x

<

Oa Oa Oa

dp  Oh**
da O X)

0A
0 at A and B since — > 0 and A > B so f1(A) — f1(B) < 0. For the second function,

Oa
0y3 03 on’ oh*
! _ " g __ 2 _
f3(X) =U"(X) aad Oa 196" Dot Oa

X)ZOatBandC’sincegcg()andeC
o

4

oW,
so f2(C) — f2(B) < 0. The same logic applies to f3 and f4. Therefore, —— < 0.
o
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